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Human intelligence versus artificial intelligence
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Learning

Reasoning

Intuition

Adaptation

Human intelligence

Long-term research plan: building an AI with these connections

Goal: solving efficiently interesting and computationally hard problems

Artificial intelligence

LearningReasoning

IntuitionAdaptation

?

This connection is not yet fully established
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Scope of my research
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But what is an interesting and computationally hard problem ? 

I propose to solve such problems with a hybrid artificial intelligence 

Interesting: problems having a positive impact (e.g., sustainable development)

Computationally hard: the main challenge is algorithmic (e.g., NP-hard problems)

Additional goal: providing easy-to-use and open-source software

Electricity generation
Transmission
Distribution

Problem: scheduling the maintenance of equipment

Contribution: learning these constraints
Challenge: there is no closed-form for few constraints

Impact: we solved a situation still unsolved by HQ
[Popovic et al., CP 2022], [Barral et al., CPAIOR 2024]
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Declarative solvers as a unifying framework

LearningReasoning

IntuitionAdaptation

?

Constraint Programming can be a hosting technology for building this hybrid AI

My research hypothesis

CP = model + reasoning + search + learning

How can we plug learning inside a CP solver ?
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Solution

Next 
Exploration

Branching Variable-selection
Value-selection

Reduced Tree

ReasoningPropagators
Fix-point algorithm

Search 
Node

Search-based 
Solver

Backtracking search

Large neighborhood search

CP ModelCP Modelling

CSP and COP
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Overview of a CP Solver

Combinatorial 
Problem

But where can we plug learning in this process ?
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Survey on the topic

Strict scope: contributions involving CP and learning (CP for ML, and ML for CP)

We published (very recently) a survey to see how this question has been answered

Combining Constraint Programming and Machine Learning:
From Current Progress to Future Opportunities

Q. Cappart T. Guns M. Lombardi G. Pesant D. Tsouros

Dec 30, 2025
Special Track: CP and ML
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Automatic 
Configuration

Solution

Next 
Exploration

Branching

Reduced Tree

Reasoning

Search 
Node

Search-based 
SolverCP ModelCP Modelling
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Overview of a CP Solver
Combinatorial 

Problem

Each decisional step has the potential to be improved with learning

ML 
Modelling 

With also  
two other tasks !
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Limitation of learning alone

Can we use only learning for that (LLM or agentic AI) ?

Fundamental limitation of learning: the predictions obtained can be wrong 
Requirement for a practical use: we want to trust our algorithms

Search procedure: solving the problem with guarantee (feasibility and optimality)
Reasoning: accelerating the solving thanks to true knowledge (symbolic information) 
Learning: accelerating with learned knowledge (that can be wrong) 
Modeling: making everything easy for the end-user (declarative programming)

 

The motivations are to

1) Improve the performance of solvers

2) Make this easy to grasp for end-users

3) Broaden the scope to new problems

CP = model + reasoning + search + learning
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Automatic 
Configuration

Solution

Next 
Exploration

Branching

Reduced Tree

Reasoning

Search 
Node

Search-based 
SolverCP ModelCP Modelling
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Agenda for today

Combinatorial 
Problem

ML 
Modelling 

I will show how learning can be used for pruning (with guarantees)
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Typical propagators in a CP solver
How to do that? Propagation is mainly based on certifiable methods (algorithms, logic, math)

Graph algorithmic 
(allDifferent, etc.)

Decision diagrams 
(Haddock, etc.)

Cost-based  
filtering

Fix-point Consistency  
(AC3, etc.)

Global  
Constraints

Other tools 
(noGoods, etc.)

Some propagators rely on tricky-to-get information to be efficient

CP = model + reasoning + search + learning
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Propagator engine
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Cost-based filtering (Focacci et al., CP 1999)

Step 1: a valid relaxation is embedded into the global constraint

Step 2: the relaxed problem is solved to get a dual bound on the cost

Step 3: the bound is used to prune the search space via cost-based filtering

Cost-based filtering leverages relaxation to improve the filtering of a constraint 

Constraint

Relaxation

Relaxed 
Constraint

Solving 
Relaxation

Domains

Cost-based 
Filtering

Lagrangian 
Multipliers

Filtered 
Domains

Dual 
Bound

Caveat: the quality of the relaxation depends on Lagrangian multipliers with iterative improvements

Iterative process
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Data-driven cost-based filtering

Constraint

Relaxation

Relaxed 
Constraint

Solving 
Relaxation

Domains

Cost-based 
Filtering

Lagrangian 
Multipliers

Filtered 
Domains

Dual 
Bound

Iterative process

What can we learn here ?

Trick: the quality of the relaxation heavily depends on Lagrangian multipliers

Bad news: determining the best values of the multipliers is generally costly

We propose to obtain the multipliers through self-supervised learning

Self-supervised learning: method that generates itself its learning signal (does not require label)
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Case study on the WeightedCircuit constraint
WeightedCircuit(X, G, d) : ensure that variables X form a TSP tour in G of cost ≤ d

1-tree relaxation(X, G) : allows the TSP to go twice in a specific node

Step 1: ensure that variables X form a minimum spanning tree in G∖{v1}
Step 2: link the remaining node v1 to the tree with the two cheapest edges

Optimal TSP cost: 62 Relaxation cost: 50

We have here an example of how a specific constraint can be relaxed
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μ2 : 4

μ3 : 0

14

Improving the dual bound
The bound is not very tight, could we improve it ?

Relaxation cost: 50

Main idea: perturbate the cost of each edge with values called Lagrangian multipliers

Lagrangian multiplier: value associated with each node

Perturbation: change the cost of each edge based on the multipliers of its nodes

Lagrangian 
Multipliers

⟨μ1, μ2, μ3, μ4, μ5⟩

Relaxation cost: 59c′￼u,v = cu,v + μu + μv

c′￼2,3 = c2,3+μ2 + μ3

9 = 5 + 4 + 0
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Lagrangian multipliers

Property 1: the optimal TSP tour is invariant under this perturbation

Property 2: better bounds generally result in a much better filtering

c′￼u,v = cu,v + μu + μv

Good news: proved by Held and Karp in 1970

How can we find good values for the multipliers ?

HK 
Relaxation

1-Tree 
Cost

Lagrangian 
Multipliers

Dual 
Bound

H&K also proposed an iterative algorithm

𝙻𝙱(μ)

c′￼u,v = cu,v + μu + μv μv = deg(v) − 2
Subgradient signal
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Learning the Lagrangian multipliers

HK 
Relaxation

1-Tree 
Cost

Lagrangian 
Multipliers

Dual 
Bound

𝙻𝙱(μ)

Unfortunately, this iterative adjustment of the multipliers is computationally expensive

Neural 
Initialization

Φθ : Graph → ⟨μ1, …, μn⟩

c′￼u,v = cu,v + μu + μv μv = deg(v) − 2

We propose to use a graph neural network to predict the optimal values of the multipliers
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Learning the Lagrangian multipliers

HK 
Relaxation

1-Tree 
Cost

Lagrangian 
Multipliers

Dual 
Bound

Neural 
Initialization

How to train the network ? We do not have any label !

We directly focus on maximizing the dual bound (self-supervised learning)

max
μ

𝙻𝙱(μ) Our target

max
θ

𝙻𝙱(Φθ(G)) Predicting the multipliers

∇θ 𝙻𝙱(Φθ(G)) Computing the gradient

∂𝙻𝙱(Φθ(G))
∂μ

×
∂μ
∂θ

Application of chain rule

∂𝙻𝙱(Φθ(G))
∂μ

(deg(v) − 2) ×
∂μ
∂θ

Held and Karp update
𝙻𝙱(μ) = 𝙻𝙱(Φθ(G))

Φθ(G)

⟨μ1, …, μn⟩

∂μ
∂θ

Differentiable  
neural network
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Learning the Lagrangian multipliers
We now have a gradient signal that can be used for gradient-ascent-like training

μ ← Φθ(G)

θ ← θ + α∇θ 𝙻𝙱(μ)
𝚛𝚎𝚝𝚞𝚛𝚗 θ

𝚏𝚘𝚛 𝚎𝚊𝚌𝚑 𝚎𝚙𝚘𝚌𝚑 :
𝚏𝚘𝚛 𝚎𝚊𝚌𝚑 𝚒𝚗𝚜𝚝𝚊𝚗𝚌𝚎 G :

Predicting the multipliers

Gradient-ascent step

Neural architecture: graph neural network with SAGEConv [Hamilton et al., NeurIPS 2017]

Features: city coordinates, presence on the 1-tree, cost of the edges, etc.

Training loop: improved with modern tools (e.g. Adam optimizer)

Propagator used: cost-based filtering for weightedCircuit [Benchimol et al., Constraints 2012]
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Learning the Lagrangian multipliers

Constraint

Relaxation

Relaxed 
Constraint

Solving 
Relaxation

Domains

Cost-based 
Filtering

Lagrangian 
Multipliers

Filtered 
Domains

Dual 
Bound

Let's recap everything!

WeightedCircuit()

1-tree relaxation Gradient-ascent training

Predicting μ

Propagator engine

As a result, we can either improve the strength or the efficiency of the propagator
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Experiments on the TSP
Ok, but does it work in practice ?

With learning

N
o 

le
ar

ni
ng

Random TSP (200 cities) Clustered TSP (200 cities) Hard TSP (Hougardy et al. 2021)

Experiment: scatter plot comparing the optimality gap with and without learning (1,800 seconds)

Take-away 1: warm-starting the multipliers with learning enabled stronger filtering

Take-away 2: replacing the HK process only with learning was not successful 
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Learning Lagrangian Multipliers for the TSP

(CP 2024)

Current work: adapting this proof of concept to other global constraints

Questions ?
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Typical propagators in a CP solver

CP = model + reasoning + search + learning

Fix-point Consistency  
(AC3, etc.)

Global  
Constraints

Other tools 
(noGoods, etc.)

Cost-based  
filtering

We extend the idea of learning multipliers to CP-based Lagrangian decomposition

Can we use a similar idea to get a more general bounding mechanism in a CP solver ?

Lagrangian 
decomposition

Limitation: improvements are only at the constraint-level and not at the model-level
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min f(X1, X2, X3)
s.t.  C1(X1, X2, X3)

C2(Y2, Y3)

X1, X2, Y2, X3, Y3 ∈ ℕ+
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Lagrangian decomposition (Guignard and Kim, 1987)

Step 1: each variable in each constraint is duplicated, except for the first constraint

Step 2: a constraint linking the values is added for each new variable

Step 3: these constraints are moved into the objective function with a penalty term

Lagrangian decomposition splits the problem into independent and easier subproblems

min f(X1, X2, X3)
s.t.  C1(X1, X2, X3)

C2(X2, X3)
X1, X2, X3 ∈ ℕ+

Again, we have Lagrangian multipliers, but now at the model-level

Y2 = X2, Y3 = X3

min f(X1, X2, X3) + μ2 ⋅ (X2 − Y2) + μ3 ⋅ (X3 − Y3)
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Lagrangian decomposition (Guignard and Kim, 1987)
min f(X1, X2, X3) + μ2 ⋅ (X2 − Y2) + μ3 ⋅ (X3 − Y3)
s.t.  C1(X1, X2, X3)

C2(Y2, Y3)
X1, X2, Y2, X3, Y3 ∈ ℕ+

𝙻𝙱(μ2, μ3) ={
Solving this relaxed problem gives a dual bound (lower if minimizing) But, is it easy to solve ?

Observation: by construction, each constraint has its own set of variables
Consequence: each constraint can be solved independently

𝙻𝙱(μ2, μ3) =
min (f(X1, X2, X3) + μ2 ⋅ X2+μ3 ⋅ X3)
s.t. C1(X1, X2, X3)

X1, X2, X3 ∈ ℕ+

s.t. C2(Y2, Y3)

Y2, Y3 ∈ ℕ+

min (− μ2 ⋅ Y2 − μ3 ⋅ Y3)
+

Given the multipliers, we obtain a bound by solving several subproblems



Quentin Cappart 25

Lagrangian decomposition in CP (Hà et al. , CP 2015)
How to set the multipliers to get a tight bound for a CP solver ?

Model

⟨μ2, μ3⟩
min f(X1, X2, X3)
s.t.  C1(X1, X2, X3)

C2(X2, X3)
X1, X2, X3 ∈ ℕ+

𝙻𝙱(μ2, μ3)
Solving SP1

Solving SP2

Dual 
Bound

X1, X2, X3

Y2, Y3

μ2 = μ2 + α ⋅ (X2 − Y2)

Subgradient signal

μ3 = μ3 + α ⋅ (X3 − Y3)

Initialization: we set the multipliers to an arbitrary value

Step 1: we solve all subproblems with these values (we get a dual bound)

Step 2: we update the multipliers with sub-gradient (we improve the bound)

Main loop: we repeat steps 1 and 2 for x iterations
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Learning multipliers for Lagrangian decomposition
Unfortunately, this process is very costly as it requires solving several subproblems at each iteration

Again, we propose to use a neural network to predict the optimal values of the multipliers

Model

⟨μ2, μ3⟩

Solving SP1

Solving SP2

Dual 
Bound 𝙻𝙱(μ2, μ3)

X1, X2, X3

Y2, Y3

μ2 = μ2 + α ⋅ (X2 − Y2)
μ3 = μ3 + α ⋅ (X3 − Y3)

Neural 
InitializationΦθ : Graph → μ
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Learning multipliers for Lagrangian decomposition
We directly focus on maximizing the dual bound (self-supervised learning)

max
μ

𝙻𝙱(μ) Our target

max
θ

𝙻𝙱(Φθ(G)) Predicting the multipliers

∇θ 𝙻𝙱(Φθ(G)) Computing the gradient

∂𝙻𝙱(Φθ(G))
∂μ

×
∂μ
∂θ

Application of chain rule

(X − Y) ×
∂μ
∂θ

Sub-gradient update (note: it requires to solve the subproblems)
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Number of iterations for the sub-gradient

O
pt

im
al

ity
 g

ap
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%
)
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Experiments on the multidimensional knapsack

Size: 100 items
Dimension: 5 constraints

Multidimensional knapsack

- Learning + SG

- Simple subgradient
- Learning alone

±40 minutes with 4100 nodes

±46 minutes with 146000 nodes

±18 minutes with 2100 nodes

Observation 1: simple subgradient requires a lot of iterations to find good bounds

Metric: quality of the dual bound obtained at the root node

Observation 2: learning alone manages to get directly good bounds

Observation 3: learning to initialize sub-gradient quickly gives better bounds
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Agenda for today

Automatic 
Configuration

Solution

Next 
Exploration

Branching

Reduced Tree

Reasoning

Search 
Node

Search-based 
SolverCP ModelCP Modelling

Combinatorial 
Problem

ML 
Modelling 

Learning - combined with other mechanisms - can be used for pruning in CP

[Parjadis et al., CP 2024]

[Bessa et al., AAAI 2025]
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Survey on the topic

Combining Constraint Programming and Machine Learning:
From Current Progress to Future Opportunities

Q. Cappart T. Guns M. Lombardi G. Pesant D. Tsouros

Dec 30, 2025
Special Track: CP and ML

Second topic: how machine learning has been improved with CP

Third topic: analysis of current limitations and promising opportunities 

First topic: how CP has been improved with machine learning
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Survey on the topic: ML for improving CP

CP Modelling
Search-based 

Solver Reasoning

Branching
Automatic 

Configuration
ML 

Modeling

Constraint acquisition

Learning objective functions

Automatic model generation

Large neighborhood search
Ant colony optimization
Belief propagation
...

Deduction of nogoods

Finding Lagrangian multipliers

Not so much work!

Value-selection heuristic

Variable-selection heuristic

Offline and online learning

Problem-specific methods
Instance-specific methods
Portfolio-based selection
...

Generic representation

Focus on scheduling 

Problem-based representation
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Survey on the topic: CP for improving ML

Pattern Mining

Decision Tree

Common Model Types

ML Model Inference Method

Training Set

Final Prediction

Test Set

Bayesian Network

Learning Method

Properties expressed by means of CP

Clustering

Neural Network

Improving machine learning with CP
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Survey on the topic: GitHub repository

Feel free to contribute with your own references!

Living document: GitHub repository to add new references
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Many thanks!!

And my wonderful team at  
UCLouvain/PolyMTL :-)
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Full survey + references 
(JAIR 2025)

quentin.cappart@uclouvain.be

Research group 
 corail-research.github.io

Slides 
 qcappart.github.io

http://corail-research.github.io
http://qcappart.github.io

